Usually, we assume that there is no inhomogeneity isotropic in terms of our location in the universe. This assumption has not been observationally confirmed yet in sufficient accuracy and we need to consider a method to restrict isotropic inhomogeneities more strongly. If there are isotropic inhomogeneities in the universe, the gravitational wave background is induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations.
I. INTRODUCTION
In the standard model of cosmology, we assume that the universe is isotropic and homogeneous on large scales. It is important that we observationally confirm this assumption to construct precision cosmology. Isotropy whose symmetry center coincide with our location of the universe can be observationally confirmed by using observations in various directions and observed isotropy of the cosmic microwave background (CMB) with high accuracy of about 10 −5 implies isotropy of the universe. Verification of homogeneity of the universe is more difficult than verification of isotropy. This is because our observations are confined on a past light cone and observational data includes information on the temporal evolution and spatial inhomogeneities of the universe. In a recent study, isotropic inhomogeneities whose symmetry center coincide with our location have been restricted with combined observables and 10%-level deviations from homogeneity is permitted [1] . If there are isotropic inhomogeneities in the universe and we interpreted observational data under the assumption that the universe is homogeneous and isotropic on large scales, systematic errors on observational results occur. Systematic errors on the amount of dark energy due to 10%-level deviations from homogeneity is comparable to the error caused in observation [2] . Thus, 10%-level deviations from homogeneity is not small and more stronger restriction on isotropic inhomogeneities is required to construct precision cosmology.
In previous studies of restricting isotropic inhomogeneities, the influence of isotropic inhomogeneities on anisotropic inhomogeneous perturbations was not taken into much consideration. This is because theoretical prediction of this influence is difficult and the influence on observables was considered small. In recent years, this influence becomes important, since the accuracy of observation is improving. One of this influence is that gravitational potentials produced by isotropic inhomogeneities affect distributions of anisotropic inhomogeneous density perturbations and it is investigated by some authors [3] [4] [5] [6] [7] [8] [9] . Another one of this influence is that nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations induce the gravitational wave background. This gravitational wave background has not been investigated so far and we investigated it in this paper. The gravitational wave background is important perturbation variables to restrict isotropic inhomogeneities, since the gravitational wave background has a great influence on the CMB polarization and it become possible to observe the CMB polarization with high accuracy. We calculate the relative energy density of the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations and compare it with that of the primordial inflationary gravitational wave background to discuss observability.
In this paper, to analyze the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations, we refer to the method that Nishikawa et al. [5] have used to analyze anisotropic inhomogeneous density perturbations affected by isotropic inhomogeneities. We assume that there are isotropic inhomogeneous density perturbations with small amplitude in the universe and, on large scales, we describe the universe as the Friedmann-Lemaître-Robertson-Walker (FLRW) universe model with isotropic inhomogeneous perturbation. In order to calculate the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations, we add the anisotropic inhomogeneous perturbation to this universe model and solve perturbation equations up to the order that isotropic inhomogeneities and anisotropic inhomogeneous density perturbations are coupled.
The organization of this paper is as follows. In Sec. II, we review isotropic inhomogeneities. In Sec. III, we derive evolution equations of the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations. In Sec. IV, we show the numerical result and discuss observability. Finally, Sec. V is devoted to the summary and discussion.
In this paper, we adopt following conventions: Greek indices, µ, ν, run over the four spacetime coordinate labels. Latin indices, i, j, and so on, run over the three spatial coordinate. The geometrized unit in which the speed of light and Newtons gravitational constant are one.
II. ISOTROPIC INHOMOGENEITIES
As mentioned in introduction, we describe the universe as the FLRW universe model with isotropic inhomogeneous perturbation on large scales. Linear perturbations in the FLRW universe model have gauge freedom. In this paper, we use Newtonian gauge. By adopting Newtonian gauge, the infinitesimal world interval of the FLRW universe model with isotropic inhomogeneous perturbation is written in the form,
where κ is a positive dimensionless small parameter (0 < κ ≪ 1), a(η) is the scale factor scaled so as to be unity at the present time η = η 0 , φ (κ) and ψ (κ) are isotropic inhomogeneous perturbation and dΩ 2 is the line element of the unit 2-sphere.
We assume that our universe model is filled with only the non-relativistic matter and the cosmological constant Λ. The background stress-energy tensor of the non-relativistic matter
and the isotropic inhomogeneous perturbation of the stress-energy tensor of the non-
µν is given by and u
is an arbitrary function. There are no anisotropic stress in our universe model, so that we have
The Einstein equations lead to the Friedmann equation for isotropic homogeneous background
where H 0 is the present value of H,
and
whereρ 0 is the background energy density at η = η 0 . The Einstein equations lead to the equations for the linear isotropic perturbations;
where a dot denotes a partial differentiation with respect to η.
The general solution of Eq. (2.8) is represented by the linear superposition of the growing mode D + (η) and the decaying mode D − (η), which are defined as
Hereafter, we assume that the decaying mode does not exist, since this assumption is consistent with the inflationary universe scenario. Accordingly, isotropic inhomogeneities have one functional degree, and we have
where f (r) is an arbitrary function of the radial coordinate r. In this paper, we paramaetrize
where A and R are arbitrarily constant. The value of the isotropic inhomogeneous density perturbation is 0 at r = ∞ in our universe model. We define the Fourier transform of f (r)
III. GRAVITATIONAL WAVE BACKGROUND INDUCED BY NONLIN-EAR INTERACTIONS BETWEEN ISOTROPIC INHOMOGENEITIES AND ANISOTROPIC INHOMOGENEOUS DENSITY PERTURBATIONS A. Evolution Equations
To compute the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations, we begin with the following perturbed metric
where ǫ is a positive dimensionless small parameter (0 < ǫ ≪ 1). ǫ-order perturbations φ (ǫ) and ψ (ǫ) are part of unaffected by isotropic inhomogeneities in anisotropic inhomogeneous perturbations, i.e., ǫ-order perturbations are the same as anisotropic inhomogeneous linear perturbations in the FLRW universe model. κǫ-order anisotropic inhomogeneous perturbations h ij are influenced by isotropic inhomogeneities. Usually, ǫ-order perturbations have vector and tensor modes and these perturbations produce κǫ-order tensor modes. In this paper, we have ignored ǫ-order vector and tensor modes.
We have assumed that our universe model is filled with only the non-relativistic matter and the cosmological constant, so that we have φ (ǫ) = ψ (ǫ) . We assume that ǫ-order perturbations have only growing mode, so that we have
characterized by power spectrum P (ǫ) (k) which is defined as
can be written as
where A (ǫ) and n s are constant and T (k) is the transfer function. In this paper, we adopt the fitting formula to calculate the transfer function developed by Eisenstein et al. [10] .
The κǫ-order Einstein tensor is
The κǫ-order stress-energy tensor of the non-relativistic matter is
To derive evolution equations of the gravitational wave background, we act on the spatial components of the Einstein equations with the projection tensor P ijlm which extract the transverse trace-free part of a two-index tensor. P ijlm is defined through its action on a two-index tensor F lm (η, x)
where
where e i (k) andē i (k) are orthonormal basis vectors orthogonal to k. e i (k) andē i (k) leave the rotational degree in the plain orthogonal to k. Calculating the transverse trace-free spatial part of the κǫ-order Einstein equations yields
Since the equation (3.12) has source term, the gravitational wave background is induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations. We define the Fourier transform of the gravitational wave background as
In Fourier space, evolution equations of the gravitational wave background arë
where I = +, × and
In order to obtain a particular solution of Eq. (3.15), we describe h I (η, k) as
T h (η, k) represents time evolve of the gravitational wave background and does not depend on spatial variation of isotropic inhomogeneities and anisotropic inhomogeneous density perturbations. Substituting Eq. (3.17) into Eq. (3.15), and we havë
Initial conditions of Eq. (3.19) is given as follows. Since we are interested in the gravitational waves background induced by nonlinear interactions, we assume that there are no gravitational wave background at early universe;
Since Eq. (3.19) has regular singular point at a = 0, we assume following initial conditions to obtain the smooth solution in all a;
B. Power spectrum and relative energy density
We calculate two quantities, the power spectrum P h (η, k, k ′ ) and the relative energy density Ω GW (k, η), to know properties of the gravitational wave background. We define
As mentioned above, e i andē i leave the rotational degree in the plain orthogonal to k, but P h does not depend on how to fix e i andē i . P h depends on only three variables, k := |k|,
kk ′ , from spherical symmetry. We define the relative energy density Ω GW (k, η) as
where V k is a sphere of radius k. dρ GW (k, η) means the energy density of the gravitational wave background contained in the wave number range k to k + dk. If P h can be describe as
we have
is arbitrary function of η and k. The primordial inflationary gravitational wave background in the FLRW universe model is one example that P h (η, k, k ′ ) can be described as Eq. (3.25). Eq. (3.26) means that, if we calculate the relative energy density of the primordial inflationary gravitational wave background in the FLRW universe model, the relative energy density which we define in Eq. (3.23) coincide with that of used in studies of the primordial inflationary gravitational wave background in the FLRW universe model.
The energy density of the gravitational wave background depends on the background of perturbations. In our universe model, we assume that the background of the gravitational wave background is the background FLRW universe model.
IV. NUMERICAL RESULT
Before performing numerical integral of Eq. (3.15), we choose the parameters in the background FLRW universe and ǫ-order perturbations consistent with Planck results [11] , First, we examine the temporal evolution of the gravitational wave background. The temporal evolution of P h depend on only T h from Eq. (3.17). In Fig. 1 , we depict P h as a function of k in the case of k = k ′ , R = 1Gpc and with various redshift z. In Fig. 2 , we depict T h as a function of z with various k. It can be seen from Fig. 2 that T h with k = H| z=zc is growing in the domain z > z c where
, we can ignore the friction term and T h oscillate about the source term. In the case k = H| z=0 , T h hardly grows in the domain z < 1. This is because cosmological constant become important in the domain z < 1 and growth of the gravitational wave background is hindered by the accelerated expansion.
FIG. 1:
We depict P h as a function of k in the case of k = k ′ , R = 1Gpc and with various z.
We examine R-dependence of the gravitational wave background. Substituting Eq. (3.17)
We depict T h as a function of z with various k.
into Eq. (3.22) and we have
Thus, in order to know the R-dependence of P h , we have to pay attention to onlyŜ h , since T h does not depend on R. In Fig. 3 , we depict P h as a function of k in the case of k = k ′ , z = 0 and with various R. In Fig. 4 , we depictŜ h as a function of k in the case of k = k ′ and with various R. It can be seen from Fig. 4 that the amplitude of gravitational wave background become small in the domain 1 k < R. This is because the gravitational wave background is produced by distorting isotropic inhomogeneities due to nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations.
In Fig. 5 , we depict P h as a function of γ in the case of k = k ′ = 3H 0 , R = 1Gpc and z = 0. P h is symmetric about the γ = π from spherical symmetry.
We compare the relative energy density of the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous wave background Ω
GW can be expressed as [12] Ω (inf)
−9 , r 0 is the tensor-to-scalar ratio evaluated on k 0 and n t is constant. We choose the parameters which characterize the primordial inflationary gravitational wave background as r 0 = 0.001 and n t = 0, since LiteBIRD promise to determine r 0 with a precision of GW on large scales. This is because the gravitational wave background induced by nonlinear interactions is growing by time development, in contrast the primordial inflationary gravitational wave background redshift on all scales. 
V. SUMMARY AND DISCUSSION
We studied the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations. We assumed that the amplitude of isotropic inhomogeneities is small and, on large scales, we described the universe as the FLRW universe model with isotropic inhomogeneous perturbation. Then, we solved perturbation equations up to the order that isotropic inhomogeneities and anisotropic inhomogeneous density perturbations are coupled to obtain the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations. Our results are Fig. 1-Fig. 7 . Unlike the primordial inflationary gravitational wave background in the FLRW universe model, the gravitational wave background induced by nonlinear interactions grows as time evolves. This is because, there are source terms in the evolution equation of this gravitational wave background. The gravitational wave background induced by nonlinear interactions is hardly produced in wavelengths that is smaller than the scale of isotropic inhomogeneities, since the gravitational wave background is produced by distorting isotropic inhomogeneities due to nonlinear interactions.
Our result implies that we can observe the gravitational wave background induced by nonlinear interactions between isotropic inhomogeneities and anisotropic inhomogeneous density perturbations in the future CMB observation project, such as LiteBIRD that promise to determine r 0 with a precision of δr 0 = O(10 −3 ), if there are isotropic inhomogeneities whose amplitude of density perturbations is about 0.06 in the universe. In order to know the influence of this gravitational wave background on the CMB in more detail, we need to solve the Boltzmann equation. This is our future work.
